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The aim of our first-principles study is to model dilute Fe-Cu alloys by including vibrational properties for
the determination of phase boundaries. Single-atom and pairwise defects of Cu in bcc Fe and Fe in fcc Cu are
considered in terms of structurally relaxed supercells, for which the corresponding total energies are calculated
by a density-functional theory �DFT� approach. Based on DFT total energy differences strongly nonbonding
substitutional formation energies for all defects are derived. For determining the entropy of mixing, a mechani-
cal statistical model is designed, which is also able to include pairwise and larger defects. By the same DFT
approach and within the harmonic model vibrational properties and, in particular, the temperature-dependent
vibrational free energies are calculated. Based on these results a vibrational free energy for each defect species
is obtained, which in combination with the corresponding DFT formation energies and the entropy of mixing
is added up to a grand canonical potential. Minimizing this potential as a function of defect concentrations
yields the desired free energies as a function of concentration and temperature, from which the phase bound-
aries are derived. Analyzing our results we find that the vibrational entropies are determining the temperature
dependency of the vibrational free energies. We find, that including the vibrational free energy via the vibra-
tional entropy is very important for explaining the rather wide miscibility range of mixing Cu to bcc Fe as
observed experimentally. On the Cu-rich side of the Fe-Cu system including the vibrational entropy narrows
the miscibility range.
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I. INTRODUCTION

Fe-rich Fe-Cu alloys are of technological interest as ad-
mixtures of copper strengthen steel.1,2 Although there is no
stable intermetallic Fe-Cu compound, up to 20% copper can
be added to steel, the copper inclusions being stabilized by
the formation of precipitates. The phase diagram of the
Fe-Cu system has a very large miscibility gap between the
solid solutions at the Fe-rich and Cu-rich sides. At the Cu-
rich side the range of miscibility is much narrower in com-
parison to the Fe-rich side.3,4 The scientific interest focuses
on the Fe-rich alloys aiming to understand the rather large
miscibility range. Recent density-functional theory �DFT�
calculations5–10 as well as the present study reveal that add-
ing Cu to an Fe matrix is energetically very unfavorable: the
DFT enthalpy of formation per Cu defect is about 0.7 eV.
Therefore the conclusion is that the strongly temperature-
dependent miscibility of Cu in bcc Fe comes from entropy
contributions to the free energy. Formation of Cu precipita-
tions was studied by Monte Carlo approaches9 on the basis
of model potentials and fitted parameters. These techniques
implicitly include the mixing or configurational entropy but
its influence on the thermodynamical stability is not dis-
cussed. The influence of the vibrational free energy and the
corresponding entropy, however, was not investigated so far
and it is known that vibrational entropies can drive structural
phase transitions, as shown, for example, in Refs. 11–13.

The main goal of the present ab initio study is to analyze
the role of the discussed entropy terms. For this purpose, we
derive temperature-dependent vibrational free energies and
include them for the derivation of the thermodynamical sta-
bility of Fe-Cu solid solutions. Such a task of calculating the

vibrational free energy within a truly concentration-depend-
ent modeling of the phase stabilities �e.g., in terms of the
cluster expansion14,15� is very demanding. Therefore, as a
first step we designed a simplified model of isolated defects,
namely, in terms of single and pairwise substitutes of Cu in
bcc Fe and Fe in fcc Cu. For this defect model we formulated
a thermodynamic model for the total free energy, in which
the vibrational free energy for each defect and the entropy of
mixing is contained. Thus the obtained free energy for each
phase �i.e., Fe-rich and Cu-rich solid solutions� depends on
temperature and concentration and is then used to derive the
thermodynamical stability of each phase.

II. COMPUTATIONAL SETUP

For most of the ab initio calculations in our paper we used
the Vienna ab initio simulation package �VASP� with the pro-
jector augmented wave �PAW� construction for the
pseudopotential.16–18 Test calculations for some selected
cases were also done by applying the full-potential linearized
augmented plane-wave method as implemented in the FLAIR

code.19,20 The exchange-correlation functional was param-
etrized in terms of the generalized gradient approximation
�GGA� of Perdew et al. �PBE�.21 In some tests with the
FLAIR code the GGA parametrization of Ref. 22 was also
used. The PAW potential is constructed in such a way that for
Fe the 3s2 and 3p6 semicore states are treated as valence
states, which was also done for the 3p6 semicore states of
Cu. For all VASP calculations an energy cutoff of 450 eV was
used for the plane-wave basis set. Concerning the FLAIR cal-
culations the cut-off energy was 280 eV. For all the calcula-
tions, apart from the test cases, unit cells of 64 atoms were
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constructed. The total energies, which entered the thermody-
namical quantities, were derived from calculations for which
volumes and atomic positions were fully relaxed.

Supercells of 64 atoms were found to be sufficiently large
for describing isolated single-atom and pairwise defects. In
order to get numerically accurate formation energies the total
energy calculations for the pure phases were done with the
same supercell and the same set of numerical parameters.

For integration over the Brillouin zone in the VASP calcu-
lations the tetrahedron method with Blöchl’s corrections23

was used when determining the total energies, while the
Methfessel-Paxton24 smearing method with a smearing of 0.2
eV was applied for ion relaxations and for the very accurate
force calculations, which are necessary for the phonon cal-
culations. When applying FLAIR, the described smearing
methods were chosen. The k�-point mesh for the Brillouin
zone integration was generated in both the VASP and FLAIR

applications by the construction of Monkhorst and Pack.25

For the calculations involving 64 atoms supercells a 4�4
�4 k�-point mesh was chosen. The 64 atoms or 4�4�4
supercell has been constructed according to the primitive
vectors of the bcc and fcc lattices, accordingly.

For the calculations of the vibrational properties within
the harmonic approximation the program PHON �Refs. 26 and
27� was used in combination with VASP calculations for de-
termining the force constants. For the starting geometry �i.e.,
zero displacements� the atomic positions were relaxed until
the forces were smaller than 10−4 eV /Å. The phonon den-
sity of states �PHDOS� was calculated on an 10�10�10
q�-point mesh according to Monkhorst and Pack. Conver-
gency of the vibrational properties, such as phonon disper-
sions and free energies, has been tested by comparing results
for different supercells, and from that the chosen 64 atoms
cell was found to be sufficiently large.

Solving numerically the set of nonlinear equations of the
thermodynamical model in Sec. IV B for the concentrations
c1 and c2, a globally convergent Newton-Raphson method28

was used by fixing the values for the parameters � ,T and for
the energies fXi ,�Xi.

III. RESULTS AND DISCUSSION

A. Formation energies

Testing the accuracy of our calculations we compare our
results with data of recent papers,5,7 which also applied VASP

within a GGA parametrization of the exchange-correlation
functional. In addition, we also used the FLAIR code for some
selected cases for independent cross-checks. Summarizing
our tests we find that the results of our FLAIR and VASP cal-
culations agree well with the data of Ref. 5, but are signifi-
cant differences to the work of Domain et al..7 These authors
used ultrasoft pseudopotentials �USPP� in contrast to the
PAW potentials as chosen by Liu et al.5 and by us.

Table I presents a summary of the results for the pure bcc
Fe and fcc Cu phases. Concerning pure fcc Cu, all calculated
data agree well with each other. For pure bcc Fe the situation
is, however, different, as the results of Domain et al.7 signifi-
cantly differ: the lattice parameter and the total magnetic

moment are larger, whereas the bulk modulus is smaller. Pre-
sumably these differences are due to the use of USPP instead
of PAW potentials18 or the all-electron full potential as uti-
lized in FLAIR. Although the discrepancies for one Fe atom
are small, errors may accumulate in supercell calculations
and lead to very significant energy differences for defect en-
ergies, as discussed in the following. Applying FLAIR for Fe
the two different GGA parametrizations of Refs. 22 and 21
gave the same results �see Table I�, as expected for close-
packed bulk systems.

Within a supercell approach the formation energy �Xi for a
substitutional defect cluster Xi consisting of ni defect atoms
is defined by

�Xi = EDFT
Xi+H�ni + nH� − �nHEDFT

H + niEDFT
Xi � , �1�

which is the difference between the total DFT energies of the
supercell containing the defect cluster, EDFT

Xi+H, with ni defect
atoms and nH host atoms minus the corresponding combina-
tions of reference energies of the pure ground-state phases.
�The total number of atoms in the supercell is N=ni+nH.�
For Cu defects in a bcc Fe matrix the total energy for the
corresponding supercell is calculated and pure fcc Cu and
bcc Fe serve as reference systems. Fe defects in an fcc Cu
matrix are treated in the same way.

Discussing the formation energy of one substitutional Cu
defect in Fe, �Cu1, we compare our results with the data of
Ref. 7 as collected in Table II. The table reveals a very sig-
nificant difference: from all our studies we derive values for
�Cu1 which are larger than 750 meV, whereas Domain et al.7

reported values which are by at least 200 meV smaller than
our results. As such a big difference will strongly alter the
phase stabilities and phase diagram, we have to ensure that

TABLE I. Results of VASP and FLAIR calculations and experi-
mental data for ground-state properties of bcc Fe and fcc Cu: cubic
lattice parameter a, total magnetic moment M, and bulk modulus B
for bcc Fe and fcc Cu. PAW pseudopotentials, USPP as imple-
mented in VASP. GGA parametrizations of the exchange-correlation
according to Ref. 21 �PBE� and Ref. 22 �PW91�.

Method
a

�Å�
M

��B /at.�
B

�GPa�

bcc Fe VASP �PAW:PBE� 2.831 2.19 198

FLAIR �PBE� 2.838 2.24 199

FLAIR �PW91� 2.837 2.23 199

VASP �PAW:PW91�a 2.827 2.16 194

VASP �USPP:PW91�b 2.856 2.32 160

Expt.c 2.8662 2.18 168

fcc Cu VASP �PAW:PBE� 3.636 147

FLAIR �PBE� 3.627 143

VASP �PAW:PW91�a 3.634 134

VASP �USPP:PW91�b 3.641 140

Expt.c 3.614 137

aReference 5.
bReference 7.
cReferences 29–31.
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our results are correct. Therefore we performed numerous
test calculations using VASP with different numerical setups
as well as applying FLAIR. Table II shows results for two
sizes of supercells �16 and 64 atoms� for three different
cases, namely, with and without relaxation of the atomic po-
sitions, and with everything relaxed including the volume. In
general the effect of relaxation on the formation energy is
rather small, being less than 3%. We further tested our com-
putational approach by recalculating some of the intermetal-
lic Cu-Fe compounds which were needed for the cluster ex-
pansion as applied in Ref. 5, namely, FeCu �in the B2
structure�, FeCu3, and Fe3Cu �both in the DO3 structure�. In
all cases comparing energies and structural parameters the
agreement is very good, the differences being less than 3%.
Although Liu et al.5 applied a GGA potential22 different to
ours21 the results are very similar �as it was also tested for
bcc Fe by FLAIR calculations, see above�. Therefore using
different GGA potentials �Domain et al. applied the one of
Ref. 22� could not be the source for the discussed large dif-
ferences. We rather suspect, that the usage of the USPP con-
struction for the Fe pseudopotential in Ref. 7 is the main
reason for the discrepancy.18

Table III lists the results of our calculations for the single
and pairwise defects of Cu in bcc Fe and Fe in fcc Cu. For
the pairwise defects the energy is reduced, in comparison to
single defects, significantly due to the bonding between the
defects but still is strongly positive. This reduction is particu-
larly strong for Fe pairs, presumably due to their ferromag-
netic coupling �antiferromagnetic coupling is less favorable
by 320 meV per atom.�. Anticipating the discussion about
thermodynamical stability one would expect that because of

the substantially lower formation energy of Fe pairs com-
pared to the Cu pair defects, the miscibility of Fe defects in
fcc Cu would be larger than the miscibility of Cu defects in
bcc Fe. This is indeed the case if vibrational free energies are
not taken into account as illustrated in Fig. 4.

B. Vibrational properties

Figures 1 and 2 show the differences of normalized pho-
non densities of states g,

�g��� = gXi+H��� − gH��� . �2�

The results for �g for single-atom and pairwise Cu de-
fects in Fe are given in Fig. 1 and shows a very similar
behavior for both defects. In particular, the PHDOS is sig-
nificantly enhanced at lower energies between 14 and 22
meV with respect to pure Fe. This redshift might be under-
stood by replacing Fe by heavier Cu atoms, assuming that
the spring constants �i.e., bonding strength� remain rather
constant. The fluctuations of �g at larger energies are also a
consequence of normalization as ��gd�=0. The negative

TABLE II. DFT derived formation energy of one Cu defect in bcc Fe, �Cu1, for several test cases for 16
and 64 atoms supercells. The corresponding defect energy of Fe in fcc Cu, �Fe1, was calculated only for a 64
atoms supercell. Results are shown for no relaxation, relaxation of atomic positions, as well as relaxation of
volume and positions. The number of k� in the table results from multiplication of the total number of k points
in the Brillouin zone times the number of atoms in the supercell. A comparison to the work of Ref. 7 is made
for the 16 atoms supercell calculation of �Cu1. Abbreviations for potentials and methods as in Table I.

Method

Number
of

atoms k points

� no
relaxation

�meV�

� atoms
relaxation

�meV�

� all
relaxation

�meV�

Cu atoms in Fe bcc ��Cu1�: VASP �PAW:PBE� 16 8192 768 758

FLAIR �PBE� 16 8192 767 756

VASP �USPP:PW91� 54 6750 540 500

VASP �PAW:PBE� 64 4096 790 778 773

Fe atoms in Cu fcc ��Fe1�: VASP �PAW:PBE� 64 1728 858 857 853

TABLE III. Formation energy per atom for the single-atom, �X1,
and pairwise substitutional defects, �X2 /2 per atom for Cu in bcc Fe
and Fe in Cu. All geometrical parameters are relaxed.

�X1

�meV�
�X2 /2
�meV�

�X2 /2−�X1

�meV�

Cu in Fe 773 682 −91

Fe in Cu 853 531 −322
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FIG. 1. �Color online� Differences �g of normalized PHDOS
for substitutional Cu defects in comparison to pure bcc Fe: single-
atom Cu defect �dashed line, yellow� and pairwise Cu defect �solid
line, red�. The PHDOS for bcc Fe is shown in the inset.
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peak centered at highest energies of about 37 meV indicates
that the spectrum of defect modes is restricted to lower fre-
quencies.

Figure 2 shows also �g for single-atom and pairwise Fe
defects in fcc Cu. The prominent features are much more
pronounced for the pairwise defect, which we attribute to the
strong ferromagnetic bonding between the two Fe atoms. In
contrast to the Cu defects, there is a blueshift �i.e., loss of
states� of the defect PHDOS at energies between 12 and 20
meV in comparison to bcc Cu. In the high-energy region
above 28 meV �g is positive, as the defect Fe atoms are
lighter than the Cu host atoms. In both cases of �g, a sig-
nificant negative peak arises at medium energies centered at
25 meV, which is more pronounced with the pair wise defect.

The temperature-dependent vibrational free energy Fphon
is derived by integration over the density of phonon states
g��� �Ref. 32�,

Fphon�T� = kBT�
0

�

g���ln�2 sinh� h�

2kBT
��d� . �3�

The change in the free vibrational energy fXi�T� for a
defect Xi substituting a host atom is expressed similarly to
the DFT formation energy defined in Eq. �1�,

fXi�T� = Fphon
Xi+H�T� − 	niFphon

Xi �T� + nHFphon
H �T�
 . �4�

The energy Fphon
Xi+H denotes the total vibrational free energy

of the supercell containing ni defect atoms and nH host at-
oms. The corresponding reference pure phases, bcc Fe and
fcc Cu, are the same as in Eq. �1�.

Inspecting Fig. 3 and Table IV, one realizes that the tem-
perature dependency of the defect vibrational free energies
are very different for the respective defects. For Cu defects
in bcc Fe �single-atom as well as pairwise defects� the be-
havior is very similar for both cases, namely, a strong de-
crease in f with increasing temperature, which means ther-
modynamical stabilization of these defects according to Eq.

�11�. For Fe defects in fcc Cu, however, the difference ener-
gies f behave totally different: for the single defect f is rather
zero over the whole temperature range. On the other hand,
for the pairwise Fe defects the vibrational free energy differ-
ence increases very strongly, which in turn reduces the ther-
modynamical stability of pairwise Fe defects.

Volume relaxation has a noticeable influence on f�T�. The
energies fCu1 and fCu2 are less negative when the volume is
not relaxed: for example, the difference to the volume re-
laxed defects at 1200 K is �240 meV, and for T=800 K it
is �160 meV. This effect can also be observed on the Cu-
rich side, where fFe1 and fFe2 are by about 30 meV less
negative at 800 K and fFe1 is by 40 meV less negative at
1200 K while it is 130 meV less for fFe2.

It should be noted, that for all the studied cases the tem-
perature dependence of f comes exclusively from the differ-
ences of vibrational entropies. The corresponding differences
of internal energies are rather independent of temperature �at
least on the energy scale of Fig. 3�.

All values of f�T� have been calculated at the equilibrium
lattice constants at T=0 K for each of the defects. Effects of
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FIG. 2. �Color online� Differences �g of normalized phonon
densities of states �PHDOS� for substitutional Fe defects in com-
parison to pure fcc Cu: single-atom Fe defect �dashed line, tur-
quoise� and pairwise Fe defect �solid line, blue�. The PHDOS for
fcc Cu is shown in the inset.
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FIG. 3. �Color online� Temperature dependence of changes in
differences of vibrational free energies f 	see Eq. �4�
. Defects in
bcc Fe: single Cu atom �dashed yellow line� and pairs of Cu atoms
�solid red line�; defects in fcc Cu: single Fe atom �dashed turquoise
line� and pairs of ferromagnetic Fe atoms �dashed-dotted blue line�.
The plotted values for f2 correspond to the vibrational defect energy
for two atoms �not divided by 2�.

TABLE IV. Temperature dependence of the differences of vibra-
tional free energy, fX1 and fX2 /2, according to Eq. �4�.

T
�K�

f1

�meV�
f2 /2

�meV�

Cu in Fe: 0 −43 −23

400 −118 −69

800 −227 −130

1200 −339 −191

Fe in Cu: 0 −5 29

400 −14 80

800 −28 178

1200 −40 288
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thermal expansion were not taken into account, because we
assume that the differences of free energies f�T� are only
weakly affected by the thermal expansion. However, total
vibrational free energies might be strongly influenced by
thermal expansion, as shown, for example, in Ref. 33.

IV. THERMODYNAMICAL APPROACH

The grand canonical approach of Refs. 34 and 35 for
single-atom pointlike defects within a supercell approach is
extended to include also pairs of defect atoms and to take
into account the vibrational free energy of the defects.

A. Configurational entropy

In the spirit of Kikuchi et al.36 the configurational entropy
is defined in terms of bonds, which allows the inclusion of
pairwise or higher-order substitutional defects. The basic per-
ception is that the distribution of a particular substitutional
defect cluster Xm is given by

Wm�Bm,bm� = �Bm

bm
� , �5�

in which Bm denotes the total number of available bonds in
the system for the defect cluster Xm and bm is the actual
number of bonds occupied by nm defect clusters Xm. The
resulting distribution for a set of independent defect clusters
X1 . . .Xn occurring n1 . . .nm times in the system will then be a
product of the corresponding distributions W1 . . .Wm. The
configurational entropy Sconfig as derived from these distri-
butions has to be finally divided by the total number of avail-
able bonds, making Sconfig independent of the actual size of
the system. For the present purpose Sconfig has to be evalu-
ated for a mixture of n1 single-atom defects X1 and n2 pair-
wise atom defects X2.

Each lattice site is connected to its neighboring sites by �
bonds, whereby � is half of the number of nearest-neighbor
distances for a given lattice. For example, the numbers �
=4 or 6 correspond to a bcc or fcc lattice, respectively. The
total number of bonds B for a given lattice with N lattice
sites is consequently defined as B=�N. The n1 single-atom
defects are connected by b1=�n1 bonds to the remaining
sites. If no other defects are present the distribution of all
such single defects amounts to

W1�B1,b1�, B1 = B, b1 = �n1 �6�

and the resulting entropy Sconfig, after it was divided by B,
will be the standard entropy for a regular solution.

Considering pairwise substitutional defects their distribu-
tion now depends on their neighborhood. A substitutional
pairwise defect contains one complete bond, namely, the
bond which connects the two defect atoms forming the de-
fect. Therefore, for n2 such defects the total number of avail-
able number of bonds is now B2=B−n2, and the number of
different distributions of these defects amounts to

W2�B2,b2�, B2 = B − n2, b2 = �2� − 1�n2 �7�

as each pairwise defect is connected by 2�−1 bonds to the
neighboring sites.

The resulting total number of distributions W1+2 of single
and pairwise defects is described by the product of distribu-
tions of single and pairwise defects by

W1+2 = W2�B2,b2�W1�B2 − b2,b1� �8�

=
B2!

b1 ! b2 ! �B2 − b1 − b2�!
. �9�

It should be noted, that the number of available bonds for
the single defects is now reduced to B−2�n2, because 2n2
sites are occupied by atoms belonging to the pairwise de-
fects. Making use of Eq. �7� this difference is equal to B2
−b2.

Applying Stirling’s approximation and dividing by B
=�N, the configurational entropy for a mixture of indepen-
dent single and pairwise substitutional defects finally
amounts to

Sconf = kB��1 −
c2

�
�ln
 1 −

c2

�

1 − c1 − 2c2
� − 	c2 ln� 	c2

1 − c1 − 2c2
�

− c1 ln� c1

1 − c1 − 2c2
�� , �10�

in which the abbreviation 	= 2�−1
� and the concentrations

c1=n1 /N , c2=n2 /N of the single and pairwise defects are
introduced. If the number of pairwise defects is zero, i.e.,
c2=0 then the well-known expression of Sconfig for a regular
solution is rederived.

B. Grand canonical approach

In our case, the total free energy Ftot consists of the sum
of the single and pairwise defects formation and vibrational
energies �see Secs. III A and III B� and the configurational
entropy,

Ftot�c1,c2,T�

= − TSconf�c1,c2� + 	�X1 + fX1�T�
c1 + 	�X2 + fX2�T�
c2

�11�

at zero pressure. �It should be noted, that the vibrational en-
tropies per defect are included in the free energies f i

X.� The
total number of defect atoms amounts to NX=n1+2n2. The
factor 2 occurs, because each pairwise defect consists of two
atoms. As mentioned, entropy terms due to changes in mag-
netic order �i.e., the transition from ferromagnetic ordering to
a paramagnetic state� are not included but might be taken
into account by adding a suitable entropy term to Ftot.

Consequently, the total number of remaining host atoms is
the difference NH=N−NX with respect to the total number of
all atoms N in the system. A generalized grand canonical
potential J� �Refs. 34 and 35� obeying the constraint NX

=n1+2n2 can now be constructed introducing the Lagrangian
parameter � as the chemical potential of the system and
making use of the concentrations x=NX /N , ci=ni /N,

J��c1,c2� = Ftot + ��x − c1 − 2c2� . �12�
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Minimizing the potential J� with respect to the concentra-
tions c1 ,c2 results in the set of nonlinear equations,

e−
�fX1+�X1−�� =
c1

1 − c1 − 2c2
, �13�

e−�
/2��fX2+�X2−2�� =
�1 −

c2

�
�1/2

�	c2�	/2

1 − c1 − 2c2
, �14�

in which the abbreviation 
= �kBT�−1 was applied. The set of
equations of Eqs. �13� and �14� now have to be solved nu-
merically. For the Fe-Cu alloy system the concentrations
c1 ,c2 were calculated for the Fe-rich side �Cu single and
pairwise substitutional defects in bcc Fe� as well as for the
Cu-rich side �Fe single and pairwise substitutional defects in
fcc Cu� and the corresponding free energies Ftot were calcu-
lated for both ends of the phase diagram. The thermodynami-
cal stable boundaries in the T ,x phase diagram were calcu-
lated by the standard common tangent procedure connecting
the corresponding �negative� potentials J� at the Cu-rich and
Fe-rich sides for a fixed temperature T. The corresponding
metastable boundaries were determined by searching for the
values of T ,x at which the potential J� became positive.

C. Phase diagram

Figure 4 shows the phase diagram for the dilute Fe-Cu
alloy system at the Fe-rich and Cu-rich sides. No other stable
phases exist over the whole range of concentrations, as it is
clearly evidenced by the rather large and positive �i.e., non-
bonding� formation energies derived from DFT calculations
for Fe-Cu ordered compounds.5 Therefore, only solid solu-
tions and precipitations might be thermodynamically stabi-
lized by entropy.

In Fig. 4�a� for the Fe-rich alloy experimental data4 �dash-
dotted line� and empirical calculation of phase diagram
�CALPHAD� modeling3 �dotted line� indicate that a signifi-
cant amount of Cu can be added. Our results are in good
agreement with both the CALPHAD model and experimental
boundaries, as both lie within the hatched region. It should,
however, be noted that our model only covers single and
pairwise defects. Larger Cu clusters might lead to even more
favorable lower boundaries, if there is a sufficient gain in
bonding energy for larger clusters compared to pairs of Cu
atoms. On the other hand, considering Fig. 4�b� and compar-
ing the yellow and red lines, there is almost no change in the
phase boundary when pairwise defects are added to the mix-
ture with single-atom Cu defects.

The situation is very different at the Cu-rich side, where
the miscibility range is rather narrow, as indicated by the
�rather inaccurate� experimental boundary.4

From our calculated results in Fig. 4�b� without vibra-
tional free energies, we derive a very narrow miscibility
range at the Fe-rich side �colored dashed lines�, and a wider
range at the Cu-rich side �dashed blue line�. The mixing
entropy alone is obviously totally insufficient for a reason-
able estimate of the phase boundaries. Including now vibra-
tional free energies changes the calculated results dramati-

cally. Figure 4�b� emphasizes this findings, for the Fe-rich
side by looking at the dashed and solid lines: the miscibility
range widens significantly whereas at the Cu-rich side it is
strongly narrowed. This asymmetric behavior of the misci-
bility ranges is due to the asymmetry of the total free ener-
gies Ftot of both phases: whereas at the Fe-rich side the vi-
brational energy �i.e., the vibrational entropy� lowers Ftot, the
effect is opposite on the Cu-rich side, as illustrated in Fig. 3.

For a truly quantitative description of the phase boundary
on the Fe-rich side for temperatures T�TC=1043 K larger
than the Curie temperature of Fe, the change in magnetic
ordering needs also to be included. Modeling temperature-
dependent magnetism is very complicated and is far beyond
the scope of our work. Nevertheless, the most important ef-
fects occur already rather far below TC �see Fig. 4�, namely,
that vibrational entropy has to be included for the modeling
of the Fe-Cu alloys. This is also manifested by Table V. For
the Fe-rich side it shows, that without vibrational energies
the Cu concentrations c1 and 2c2 are rather equal, at least in
the given temperature range of 800 K�T�1200 K. This
balance changes dramatically when vibrational entropies are
included, as single-atom defects are much more abundant

metastable

exp.

CALPHAD

Cu [at. %]

with vib.

no vib.

Cu [at. %](b)

(a)

FIG. 4. �Color online� Phase diagram of the Fe-Cu system at the
Fe-rich and Cu-rich sides. Panel �a�: Comparison between empirical
CALPHAD calculations �Ref. 3� �black dashed line� and the experi-
mental data of Ref. 4 �black dash-dotted lines� to our calculations
including the vibrational energy according to Eq. �11�. Hatched ar-
eas: regions of metastable phases. The upper boundaries of the
hatched areas mark the thermodynamically stable phase boundaries.
Panel �b�: analysis of our calculated results for the thermodynami-
cally stable phase boundaries. Without vibrational energies: dashed
lines, with vibrational energies: full lines. Results for single and
both �single and pairwise� defects at the Fe-rich side are shown in
yellow and red colors, correspondingly. On the Cu-rich side only
the results for both �or rather pairwise� defects are shown �blue
color�, because the effect of single defects is hardly visible.
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than pairs, the ratio is now 3 to 1. In both cases the mixture
of defects remains rather constant in the studied temperature
range. At the Cu-rich side the mixture of defects for the
calculation with vibrational energies depends much stronger
on temperature: for 800 K the ratio c1 :2c2 is 1:10, and it
changes to 3:7 at 1200 K. Clearly, the magnetic coupling of
the Fe pairs manifests itself in the dominance of the pairwise
defects.

V. SUMMARY

By first-principles density-functional supercell calcula-
tions and thermodynamical modeling for dilute Fe-Cu alloys
we demonstrated that vibrational free energies may have a
substantial influence on the thermodynamical stability and
miscibility range of solid solutions in particular. The Fe-Cu
alloy system is very well suited for such a task, as the rather
wide miscibility range at the Fe-rich side can only be pro-
duced by entropic effects: no stable intermetallic phase exists
and the formation energies of Cu and Fe defects as derived

from density-functional calculations are highly positive and
nonbonding. Modeling dilute alloys we considered single-
atoms and pairwise substitutional defects, for which we for-
mulated a suitable entropy of mixing. This formulation can
be extended to any size and mixtures of isolated defects.
Applying a density-functional theory approach for the first-
principles determination of vibrational properties within the
harmonic approximation we derived temperature-dependent
free vibrational energies for each defect species, which were
implemented in a grand canonical formulation of the total
free energy. Magnetic interactions were included in terms of
spin-polarized calculations, but the change in magnetic or-
dering at the Curie temperature of Fe is not taken into ac-
count.

The major finding of our work is that indeed the vibra-
tional free energies �in particular their entropy contributions�
are very important, and by including them we could repro-
duce the main features of the experimentally estimated phase
diagram at low concentrations, namely, the wide miscibility
range at the Fe-rich side and the very narrow range at the
Cu-rich side. It would be highly desirable to extend the spirit
of our study to a concentration-dependent modeling of phase
stabilities. In particular the formation of precipitation may be
strongly influenced by taking into account the effect of vi-
brational energies. We propose to perform such a task in
terms of the cluster expansion14,15 for which temperature-
dependent cluster interaction energies need to be derived.
For that it would be necessary to calculate vibrational ener-
gies for each structure, which enters the cluster expansion: an
extensive but feasible task.
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